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COVARIANT FUNCTORS AND ASYMPTOTIC STABILITY 


TONY SE 


Abstract. Let i? be a commutative Noetherian ring, I, J ideals of R and M a finitely generated 
i?-module. Let E be a covariant R-linear functor from the category of finitely generated H-modules 
to itself. We first show that if F is coherent, then the sets Assji F{M/I'^M), Assji F{I'^~^M/1"M) 
and the values depthj F(M//"'M), depthj become independent of n for large 

n. Next, we consider several examples in which F is a rather familiar functor, but is not coherent 
or not even finitely generated in general. In these cases, the sets AsSflF(M//"M) still become 
independent of n for large n. We then show one negative result where F is not finitely generated. 
Finally, we give a positive result where F belongs to a special class of functors which are not 
finitely generated in general, an example of which is the zeroth local cohomology functor. 


1. Introduction 

In this paper, we will extend two results on asymptotic stability by M. Brodmann. Let us begin by 
fixing some terminology. A ring will mean a commutative ring with unity, unless specified otherwise. 
For a ring R, we let Mod(i?) denote the category of i?-modules and mod(i?) the category of finitely 
generated i?-modules. A functor will mean a covariant functor. For a nonempty set X and a 
sequence of elements {xn}n^k of A, we say that asymptotic stability holds for the elements Xn, or 
that the elements Xn stabilize, if the sequence {xn}n^k is eventually constant. 

For the rest of this section, we will let i? be a Noetherian ring unless specified otherwise, L, M, N G 
mod(i?) and /, J be ideals of R. The background of our project can be traced back to one of Ratliff’s 
papers. 

Question 1.1. [7l Introduction] Suppose that i? is a domain and P is a prime ideal of R. If P S 
AsSij(P//*) for some fc ^ 1, is P G AsSi^(P//") for all large n ? 

Brodmann [1] (9)] gave a negative answer to the question, but at the same time, he proved a related, 
by now well-known result. Using the notation established so far, we will state hiq]] first result that 
we are interested in. 

Theorem 1.2. (TJ page 16] The sets AsSfl(M//”M) and Assfl(/"“^M//”M) stabilize. 

The second result that we are interested in is as follows. 

Theorem 1.3. [2l Theorems 2(i) and 12(i)] The values depthj(M//"M) and depthj(/"“^M//"M) 
stabilize. 

Most of this paper will be related to Theorem 11^1 There have been numerous generalizations of the 
theorem over the years. Here are a few of thenu. 

Theorem 1.4. [0 Theorem 1] The sets Ass/i Torf(A, P/J") and Ass/i Torf (A, stabilize 
for any f ^ 0. 
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Theorem 1.5. [H Proposition 3.4] Let L ^ M ^ N be a complex. Suppose that L' C L, M' C M 
and N' C N are submodules such that a{L') C M' and j3{M') C N'. For n ^ 0, let H(n) denote the 
homology of the induced complex 

L M /3„^ N 

WD ^ ^ /"iV' 

Then the sets AsSflH(n) stabilize. 

Corollary 1.6. [H Corollary 3.5] Let M' <Z M be a submodule. Then for any i ^ 0, the sets 
AsSflTorf(Af,M//"M') and Ass^ Ext*fl(Af, stabilize. 

A rather extensive introduction to results related to Theorems o and [Uni can be found in [S]. 
However, we will proceed in a different direction. Our main goal is to relate the theorems to the 
following notions. 

Notation 1.7. Let ii be a commutative ring and M € Mod(i?). Then we let Lm denote the functor 
Hom/j(M, —). We let denote the category of i?-linear covariant functors F from mod(i?) to itself. 

Definition 1.8. [31 page 53] Let i? be a Noetherian ring and F G ^. We say that: 

(1) F is representable if F = Lm for some M G mod(i?); 

(2) F is coherent if there exist M,N G mod(i?) and an exact sequence hN hM —>■ F —>■ 0; 

(3) F is finitely generated if there exist M G mod(F) and an exact sequence Lm —>■ F —0. 

Remark 1.9. Representable coherent finitely generated ^ F-linear 

We can now state our main result, which will be proved in several steps in Section [2] 

Theorem 1.10. Let R be a Noetherian ring, L,J ideals of R, M G mod(F) and F be a coherent 
functor. Then the sets Assr F{M/ Assr F{L'^~^M/L^M) and the values depth j F{M/L'^M), 
depthj F{L^-^M/I'^M) stabilize. 

Remark 1.11. Theorem 11.101 gives an extension of Theorem 11.51 in the following sense. Using the 
notation in Theorem 11.51 let F = F', M = M' and N = N'. Then Theorem 11.51 is an instance of 
Theorem 11.101 bv Lemma 12., '^rb)| (cf. proof of Theorem 15.6|1 . However, by [U Example 5.5], not all 
coherent functors are of the form given by Lemma l2.,‘^lb)[ A technical generalization of Theorem |T3] 
is given by Corollary 12.21 

A summary of the rest of the paper is as follows. In Section [31 we consider two covariant F-linear 
functors, the zeroth local cohomology functor L/ where / is an ideal of R, and the torsion functor 
Ts where S' is a multiplicatively closed subset of R. We show that in most cases, the functors id/L/ 
and id/rs are finitely generated but not coherent, while the functors L/ and ts are not even finitely 
generated. However, if F = id/L/, id/rg, L/ or tr, then whether or not F is coherent, the sets 
AssrF(M//"M) and Assr F(/"“^M//"M) always stabilize. In Section |4l we consider the case 
where F is a Dedekind domain. We show that if F is a finitely generated functor, then the sets 
Assr F(M//"M) stabilize. We give a family of non-finitely generated functors F such that the 
sets AssrF(M//"M) do not stabilize. In Section [51 we consider a complex dF: A ^ B ^ C oi 
F-modules where B G mod(F) and the functor F(—) = H(o5^ ® —), an example of which is the 
zeroth local cohomology functor. We show that if F is a one-dimensional Noetherian domain, then 
the sets AssrF(M/J"M) stabilize. 

Acknowledgements. This paper forms part of the author’s thesis at the University of Kansas. 
The author would like to express his gratitude to his advisor. Prof. Hailong Dao, for suggesting the 
topic of this paper and overseeing the research project, and to Prof. Daniel Katz, who filled in the 
historical details of this paper. The author also thanks Arindam Banerjee and William Sanders for 
conversations that enriched this project. 

2. Proof of stability results 

In the section, we let F be a Noetherian ring. All F-modules will be finitely generated unless specified 
otherwise. We will prove our main result. Theorem 11.101 which will follow from Corollary 12.41 
Corollary 12.91 and Corollary 12.131 First, we need a slightly more general result than Theorem 11.51 
We recall that the Theorem follows from an even more general result. 
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Theorem 2.1. [U Proof of Proposition 3.4] Let I C R be an ideal, T € mod(i?) and U,V,W 
submodules of T such that W C V. Then the sets Assfl(([/ + I^V)/I^W) stabilize. 

Corollary 2.2. Consider the situation as in Theorem \1.5[ Let c G N and Li,L 2 be submodules of 
L such that I'^L' C L 2 . For n ^ c, let H(n) denote the homology of the induced complex 


Li+/"-^L2 M N 

1^' ^ /"M' ^ L-^N' 

Then the sets AssHH(n) stabilize. 


Proof. We follow [U Proof of Proposition 3.4]. By the Artin-Rees Lemma, there is d ^ c such that 
for all n ^ d, /3(M) fl J”W = n I^N'). Then for n ^ d, we have 


H(n) 


ker(/3„) 

im(a„) 

ker(/3) +/"-^(/g-^J^Af')) 
a{Li) + L^~'^{L‘^~^a{L 2 ) + I^M') 


The result then follows from Theorem 12. ll bv letting 


a{Li) 

(3-\ldN') + a{Li) 
a{Li) 


and 


ker(/3) 

I‘^-‘^a{L 2 )+I‘^M' + a{Li) 
a{Li) 


□ 


Next, we recall some results from [3]. 

Lemma 2.3. [SJ Lemma 1.2, Examples 2.1-2.5] 

(a) For any M G mod(i?) and F G there is a natural isomorphism Nat^(/iM, F) = F{M) given 
by T ^ TMiidMj- 

(b) Let P, be a complex of finitely generated R-modules. Then for any i G Z, the functor Hi(P, 0—) 
is coherent. 

(c) Let M G mod(i?). Then for any i ^ 0, the functors Tot{M,—) and Ext^(M, —) are coherent. 

We then obtain the following generalization of the first half of Theorem 11.21 By Lemma I2.ij[c)[ 
Corollary 12.41 may also be viewed as a generalization of Corollary 11.61 

Corollary 2.4. Let F be a eoherent functor, M G mod(i?), M' be a submodule of M and L f- R an 
ideal. Then the sets Assn F{M/I'^M') stabilize. 

Proof. Let F be given by /il —>■ hx —P —>■ 0. By Lemma the map ^ hx: arises from a 

map /: K — >■ L. Choose free resolutions of K and L and a lift of / such that the following diagram 
commutes. 




0 





K 


f 


L 


(1) 


0 0 


Apply Homfl(—, to get the commutative diagram 
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^ PUjWy^ 



M®^o M®^° 

Jn((^/)®4) ^ J" ((M')®'=o) 


M 

I^M' 


f: 


hx 


M 

I^M' 


F 


M 

I^M' 


0 


0 0 

where are induced by /, a,/ 3,7 respectively. Then we have 


M 


ker^* 


J^M'J <(ker7*) ' 

Similarly, we apply Homfl(—,M) to (P) to get maps a*,/ 3 *, 7 * induced by a,/ 3,7 respectively. Let 
A = M®^“, A' = (M')®^“ and S' = (M')®^b As in the proof of Corollary 12.21 there is c S N such 
that 7 *(A) n rB' = /"-'={ 7 *(A) n FB') for all n > c, and hence 


ker(7:) = 


ker( 7 *) + (( 7 *)"^ 


FA' 


The result then follows from Corollarv l2.2l 


□ 


We next generalize the first half of Theorem 11.31 along similar lines. 

Notation 2.5. Let T, U, V, W be as in TheoremO We let T„ = (T, U, V, W)„ = (U + FV)/FW. 

Remark 2.6. Let L be an ideal of R. For a submodule S of T, we let S be the image of S under the 
natural projection T ^ TjLU. Then we have 

T„ 17 + FV 

LTA ~ LU + LFV + FW 
_ U + FV 
~ LFV + FW 

= {t,u,v,lvTW)u 


Theorem 2.7. The values depth stabilize. 

Proof. First, suppose that T„/JT„ = {T,U,V,JV + kF)„ = 0 for infinitely many n. Then by 
Theorem l2.ll we see that Ass/j T„ = 0 for large n. So for all large n, we have Tn/ JF = 0 and hence 
depth J Tn = 00 . Hence we may assume that F ^ JF for large n. 

The rest of the proof is the same as that in P Theorem 2(i)]. We let Ht = liminf„^.oo depthj(T„), 
£t = lim„_>oo depthj(T„) if such exists, and prove by induction on hr that £t = /ir- Suppose 
that hr = 0. Then JC{r€P\PG AsSi^Tji} for infinitely many n. By Theorem 12.11 we have 
J C {r G P \ P G Assr F} for all large n, so It = hr = 0. 

Now suppose that hr > 0. Then by Theorem l2.ll there is x G J such that x ^ {r G P \ P G Assr F} 
for all large n. Writing F/xF = (F, [/, V, xV + IF )„, we have depthj Tn = depthj T„ — 1 for all 
large n. Hence = Ht — 1. By induction, we have £ 7 ? = so £t = £t + 1 = CH 

Corollary 2.8. Let J G R be an ideal. Consider the situation as in Corollarv \2.2\ with the complexes 

Li + F-‘'L2 M N 


FU 


FM' 


FN' 
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and H(n) denoting the homology of the complex. Then the values depthj H(n) stabilize. 

Corollary 2.9. Let F be a coherent functor, M G mod(i?), M' be a submodule of M and I,J be 
ideals of R. Then the values depthj F{M/I^M') stabilize. 

In order to generalize the rest of Theorems 11.21 and 11.31 we let S = ^ Noetherian 

i?-algebra generated in degree 1 with Rq = R. We will use a result from [6]. 

Theorem 2.10. [B] Lemma 2.1] Let M = Mn be a finitely generated graded S-module. Then 

the sets Assr Mn stabilize. 

Corollary 2.11. Let L ^ M ^ N be a complex of Z-graded S-modules, where the maps are 
homogeneous and M £ mod(5'). Let H = be the homology of the complex. Then the sets 

Assr Hn stabilize. 

Corollary 2.12. Let M = Mn be a finitely generated graded S-module, for example the 

module H as in Corollaru \2.11\ Let J be an ideal of R. Then the values depthj stabilize. 

Proof. The proof of Theorem 12.71 works, since M/JM = ©„gz(fWn/</.M„) and M/xM are also 
finitely generated graded ^-modules. □ 

Corollary 2.13. Let I be an ideal of R, M £ mod(i?) and M' £ M be a submodule. Then the sets 
AssrF^MM/MM') and the values depthj F{MM/MM') stabilize. 

Proof. As in Corollary 12.41 we apply llomR{—, MM/MM') to (P) to get 


M J" 

M{{M')®F) ^ /"((M')®''i) 



M (M®^'') /” (M®'='>) 

M{{M')®^o) J" ((M')®'=o) 


hr 


/ MM \ 
\MM' J 


/: , / MM \ 

^ \I^M') 


\I^M') 


0 


0 


0 


Again we have F 


ker/3; 


MM 


MM'J a*(ker 7 *) 


where a*,/3*,7* are the maps induced by in o 


respectively, so the result follows from Corollaries 12.111 and 12.121 by letting S' = 0 


n>0 ■ 


□ 


A coherent functor F given hy Ll ^ Lk ^ F ^ 0 can be considered as a functor Mod(i?) —)• Mod(i?) 
since hr and Lk are (cf. [3 Remark 3.3]). So the proof of Corollary 12.131 gives the next result. 


Corollary 2.14. Let F be a coherent functor, M £ mod(i?), M' £ M be a submodule, I be an ideal 
of R, S = ^{I) = 


(a) F (^0„>o = 0^>g is a finitely generated graded S-module. 

(b) When M' = IM, F {®^^^MM/M+^M^ = Q) F {M M / M+^ M) is a finitely generated 


graded gr{I)-module. 

(c) The module structures over S and gr(/) in (a) and m respectively correspond to the multipli¬ 
cation maps given by applying F to MM/MM' A- M^'"'M/M', where x £ I™. 


Remark 2.15. Instead of studying asymptotic stability properties of covariant coherent functors, 
one may want to consider contravariant coherent functors as well. Unfortunately, as stated in [3 
Remark 3.6], the sets Ass^^ Ext)j(i?//", R) do not stabilize in general, so our main focus will be on 
covariant functors. See [5J Introduction] and [BJ Proposition 2.1] for further details. 
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3. Examples of non-coherent functors with asymptotic stability 


In view of the results in Section [2l one may be interested in knowing whether or not a i?-hnear 
covariant functor is coherent. Some important examples of coherent functors are given in Lemma l2.3l 
In this section, we will study the zeroth local cohomology functor E/ = where I is an ideal of 
i?, and the torsion functor ts where S' is a multiplicatively closed subset of R. It turns out that if 
F = Tj, Ts, id/E/ or id/rg, then the functor F is usually not coherent. However, we will see that 
whether or not F is coherent, the sets Assr F{M/I'^M) and Assr F{I'^~^M/I'^M) always stabilize. 

Lemma 3.1 (Yoneda’s Lemma). Let R be a Noetherian ring and F be a finitely generated functor 
given by Lm —> F ^ Q. Then for any N S mod(i?) and x G F[N), there is f £ Hom/{(M, TV) such 
that X = {F{f) o TM)(idM)- In particular, x £ iuiF{f). 

Proof. If T G F{N), then we let / G Hom/i(M, N) be such that T]\f{f) = x. The result follows from 
the commutative diagram 


Homi^(M, M) 
hMif) 
Hom/{(M, N) 


Tm 


Tn 


F{M) 


Fif) 


■FiN) 


□ 


Corollary 3.2. Let R be a Noetherian ring and {EA}>,gA be a direct system of functors in LF. Let 
F = liin^^^ Fx be given 6 ?/ { F }>gA • If F £ and is finitely generated, then F = im Txg 

for some Xq £ A. In particular, if Tx is injective for all A G A, then F = Fx for all X Xq. 


Proof. Let F be given by Lm ^ F —^ 0. Since F{M) £ mod(F), there is Aq G A such that 
F{M) = im(TAo)M- Let N £ mod(F) and x £ F{N). By Lemma [3^ there is / G Hotos^M, N) 
such that X £ imF(/) C im{Txg)N- 


Pxo 

[M]- 

FXgif) 


Fxo 

(TV)- 


(T),g)M 


{TXg)N 


F{M) 

F{f) 

FiN) 


Therefore F = TxgiFxg). □ 

In the following, we will consider two applications of Corollarv l3.2l 


Corollary 3.3. Let I be an ideal of a Noetherian ring R. The following are equivalent: 

(a) TI is representable. 

(b) E/ is finitely generated. 

(c) /" = J"+i for some n 0. 

Proof. For all M £ Mod(F), we have E/(M) = lin^^ Homfl(F//", M) = lin^^(0 \m L”). So by 
Corollary 13.21 E/ is hnitely generated iff there exists nfiO such that E/(M) = Hom/{(F//”, M) for 
all M £ mod(F) iff /" = /"■+! for some n 0 hy considering M = R/I'^~^^ for “only if”. □ 

The relationship between our result and Section!^ is as follows. 

Theorem 3.4. [3l Theorem 1.1(a)] Let F,G be coherent functors and T: F ^ G be a natural 
transformation. Then ker(r), coker(F) and im(T) are also coherent. 

Lemma 3.5. Let R be a Noetherian ring, I C R be an ideal and M £ Mod(F). Then Ass/{E/(M) = 
Ass_r(M) n V{I) and Assfi(M/E/(M)) = AssaiM) \ V{I), where ¥{!) = {P £ Spec(F) | F D /}. 

Corollary 3.6. Let be a sequence of modules in mod(F) such that the sets AssniMn) 

stabilize. Let I C R be an ideal. If /" 7 ^ /"+i any n, then the functor id/E/ is finitely generated 
but not coherent, and Tj is not finitely generated. However, whether or not /" = for any n, 
the sets Ass/{(M„/E/(M„)) and Ass/jE/(M„) always stabilize. 

Now we consider our second example. 
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Lemma 3.7. Let R be a ring, possibly noncommutative, with 1. Let S Q R and f'.SxS^Rbe 
a function. The following are equivalent: 

(a) For every r,s G S, left R-module M and m G M, if rm = 0, then f(r,s)m = f[s,r)m = 0. 

(b) For every r,s G S we have f(r, s) G Rr fl Rs. 

Proof. |(a)| =^ [(b)| Let r,sGS and M = R/Rr. Then rl = 0. By assumption, we have /(r, s)l = 0, 
so f{r, s) G Rr. Similarly, with M = R/Rs we have f{r, s) G Rs, so that f{r, s) G Rr Ci Rs. 

|(b)| ^ [(a^ Let r,s G S and m G M. By assumption, f{r,s),f{s,r) G Rr. So if rm = 0, then 
f{r,s)m,f{s,r)mGRrm = 0. □ 

Example 3.8. Let i? be a UFD, S = R and f: R x R ^ R. Then / satisfies the conditions in 
Lemma lT7l iff for all r,s G Rwe have f(r, s) G (lcm(r, s)). 

Definition 3.9. Let i? be a commutative ring with 1. 

(1) We say that a subset S C R is common multiplicatively closed ii S and there is a function 
f: S X S ^ S satisfying any condition in Lemma 13.71 or equivalently, for any r,s G S there is 
f{r, s) G S that satisfies any condition in Lemma 1X71 

(2) We say that a (nonempty) subset S' C i? is coprincipal if there is s G S such that s G Hr-eS 
Such an s is called a cogenerator of S. 

(3) For any SCR and M G Mod(i?), we let ts{M) = {m G M \ rm = 0 for some r G S}. If S is 
common multiplicatively closed, then ts{M) is a submodule of M. 

Example 3.10. (1) Any singleton subset of R is common multiplicatively closed. 

(2) In general, any coprincipal subset S C R is common multiplicatively closed, since if s G S is a 
cogenerator, then we can let /(r, t) = s for all r,t G S. 

(3) Conversely, if S = {si,..., s„} C A is common multiplicatively closed, then S has a cogenerator 
fi--- fifisi,S2),S3),...,Sn). 

(4) Any multiplicatively closed subset of R is common multiplicatively closed. 

(5) If r, s G Z and (0) ^ (s) C (r), then the subset {r, s} of Z is common multiplicatively closed and 
coprincipal but not multiplicatively closed. 

(6) Let a G Z such that a ^ 0, ±1. Let S = {a^} U | n ^ 0}. Then S' is a common mul¬ 

tiplicatively closed subset of Z by the function f(s,t) = (st)^, and S is neither multiplicatively 
closed nor coprincipal. 

(7) Let a G Z such that a ^ 0, ±1. Then the infinite multiplicatively closed subset S = {a"" | n ^ 0} 

of Za is coprincipal with 1 as a cogenerator; the subset {a" | n ^ 0} of Z is not. If I ^ 0 and 

i ^ 1, then S\{a“*} C Z^ is coprincipal but not multiplicatively closed. 

(8) Let be rings and u be a unit in i?i. Let S C Ri x R 2 he the subset {(u",r) | n ^ 

1} U {(1,1)}. If m" 7 ^ 1 for any n ^ 1, or if R 2 is infinite, then S is infinite, multiplicatively 
closed and coprincipal with cogenerator (u, 0). 

Remark 3.11. We have now seen that: 

• Coprincipal ^ common multiplicatively closed 

• If S is finite, then S is coprincipal O S' is common multiplicatively closed 

• Multiplicatively closed common multiplicatively closed 

• Coprincipal and multiplicatively closed do not imply or refute each other 

• Common multiplicatively closed coprincipal 

• Common multiplicatively closed multiplicatively closed 

Corollary 3.12. Let R be a Noetherian ring and S be a common multiplicatively closed subset of 
R. The following are equivalent: 

(a) Ts is representable. 

(b) Ts is finitely generated. 

(c) S is coprincipal. 

Proof. First, we note that for all M G Mod(i?), ts{M) = Im^^ Homfl(ii/(s), M) = 1^^ (0 :m s) = 
a(o ■ M - 5 ), where s runs through S and (s) (t) iff (s) C (I). So by Corollary 13.21 ts is finitely 

generated iff there exists s G S such that ts{M) = Hom/{(i?/(s), M) for all M G mod(i?) iff there 
exists s G S such that (s) C (r) for all r G S by considering M = R/{r) for “only if”. □ 


TONY SE 


Notation 3.13. We let denote the set of units of a ring R. 


Lemma 3.14. Let R he a ring and S be a subset of R. Consider the following statements. 

(a) S is coprincipal. 

(b) There are rings such that R = Ri x R 2 , S Cl (Ri)^ ^ 0 and for all s € S we have 

s(i,o) e (Ri)^. 


Then m \(a)\ If S is furthermore multiplieatively elosed, then \(a)\ \^m 


Proof. |(b)| =>■ (a) Let (u, 0) G S Ci and s G S. Since s(l,0) G (^ 1 )^, (w,0) G Rs. Therefore 


(rt, 0) is a cogenerator of S. 

Now suppose that S is multiplieatively closed and coprincipal with cogenerator e. 


Since S is 


multiplieatively closed, G S. Since e is a cogenerator of S', e = re^ for some r G R. Then 
(re)^ = r(re^) = re, so re is idempotent. Let i?i = R{re) and i ?2 = S(1 — re), so that R = RiX R 2 . 
Then e(re) = re^ = e, so e G i?i, and e(r^e) = (re)^ = re, so e G S PI (Ri)^. Finally, let s G S. 
Then e = r's for some r' G R, and (r'r^e)(sre) = (re)^ = re, so sre G (Ri)^. □ 


Lemma 3.15. Let R be a ring, SCR and M G Mod(ii). If ts{M) is a submodule of M, then 
Assji{Ts{M)) = {P G Assn{M) \ P (1 S ^ 0}. If R is Noetherian and S is a multiplieatively closed 
subset of R, then Ass_R(M/rs(M)) = {P G AsSfi(M) | PflS = 0}. 

Remark 3.16. The second half of Lemma l3.15l is false if S is not multiplieatively closed. For example, 
let i? = Z, S = {p} where p is prime, and M = 'Ljij?'). Then AssfTs{M)) = {(p)}, but 
(p)ns^0. 

Corollary 3.17. Let R he a Noetherian ring, S be a multiplieatively closed subset of R and {Mn}n^o 
be a sequence of modules in mod(i?) such that the sets AsSfl(M„) stabilize. If S is not coprinci¬ 
pal, then the funetor id/rg is finitely generated but not eoherent, and ts is not finitely generated. 
However, whether or not S is eoprineipal, the sets AssR{Mn/Ts{Mn)) and Ass/j(rs(M„)) always 
stabilize. 


4. Covariant functors over a Dedekind domain 

In Section 2, we saw that the sets Assr F{M/I'^M) stabilize whenever F is a coherent functor. One 
may ask whether such asymptotic stability still holds when F is not coherent. In this section, we 
consider the case where i? is a Dedekind domain. We will see that if F is a finitely generated functor 
over R, then the sets Assr F{M/I'^M) stabilize. We then construct a family of examples of i?-linear 
covariant functors F such that the sets Assr F{R/1"^) do not stabilize. 

Lemma 4.1. Let R be a ring, F be an R-linear funetor from Mod(i?) to itself and M G Mod(i?). 
Then annfl(M) C ann/j(F(M)). 

Theorem 4.2. Let R he a Dedekind domain, I he an ideal of R, M G mod(ii) and F he a finitely 
generated functor. Then the sets Assr F(M/I’^M) stabilize. 

Proof. The proof will proceed in several steps. 

Step 1. First, we will make some reductions. Since F is i?-linear, it preserves finite direct sums. By 
the structure theorem for finitely generated modules over a Dedekind domain, we may assume that 
M = J is an ideal of i? or M = i?/P® for some maximal ideal P of R and i ^ 1. If M = R/P^, 
then either M/I'^M = 0 for all n or M//”M = M for all n ^ i. If 0 ^ M = J C i? and / 7 ^ 0, then 
M/I'^M = R/I”' for all n ^ I. But i?//" is again a direct sum of modules of the form R/P™. So 
it suffices to show that asymptotic stability holds for Assr F{R/P'^), where P is a maximal ideal of 
R. Furthermore, by Lemma im Assr F{R/P^) = {P} or 0 for all n ^ 1. So we only need to show 
that F{R/P'^) is either always 0 or always nonzero for all large n. 

Step 2. Let F be given by the surjection h^ — >■ P, where L G mod(P). First we consider the case 
where L = J is an ideal of R. Suppose that F{R/P'^) = 0 for infinitely many n. We will show that 
in fact F{R/P'^) = 0 for all n, which will conclude this case. So fix n ^ 1. Let N ^ n be such 
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that F{R/P^) = 0. Let tt: R/P^ —)• R/P'^ be the natural projection map. Since J is a projective 
i?-module, the map /ij(7r): hj{R/P^) —5> hj{R/P'^) is surjective. From the commutative diagram 


Homfl; (J, 

pjv ) 

Homp 


F{^) =0 

F(7r) 


we see that F{tt) is surjective and therefore F{R/P^) = 0. 

Step 3. Next, we consider the case where L = R/Q'" such that Q is a maximal ideal of R and i ^ 1. 
We may assume that Q = P. Suppose that F{R/P^) = 0 for some N ^ i. We will show that in 
fact F{R/P'^) = 0 for all N, concluding this case. We recall the following facts. For any rii ^ 1, 
R/p^i is a principal ideal ring. Choose an element p € P\P^. Then p^^ fp^^ is generated by 
for all 0 ^ 77,2 ^ ni- Now fix 77 ^ A^. Let R/P^ —>• R/P"' denote multiplication by 

Again from the commutative diagram 


^ 577 ^ = Homp ^ F = 0 



P 



id 





= Homp (#, -- F (^) 


we see that F(p" is surjective and therefore F{R/P'^) = 0. 

Step 4- Finally, we consider the general case where L = Ji © • • • © Jfe © RfQ^^ © • • • © RjQ’'/ such 
that Ji,..., Jfc C R are ideals, Qi, ■ ■ ■ ,Qi are maximal ideals of R and ii,...,^ 1. Again we 
may assume that Qi = ■■■ = Qg = P. Suppose that F{R/P'^) = 0 for infinitely many n. Fix 
N ^ max{l,7i ,... ,ie} such that F{R/P^) = 0. Then repeating Steps 2 and 3, we see that for all 
N, each direct summand of hL{R/P^) = hj^{R/P'^) © • • • ©(i?/P") © hp^ipii {R/P"^) © • • •© 
hp,/pii {R/P'^) is mapped to 0 in F{R/P'^). Therefore F{R/P'^) = 0 for all n ^ N. □ 

Lemma 4.3. Let R be a Dedekind domain, I be an ideal of R and M G mod(i?). Then the modules 
M /M are all isomorphic for large n. In particular, let F be an R-linear functor from Mod(i?) 
to itself. Then the sets Assp stabilize. 

Proof. As in Step 1 of Theorem 14.21 we may assume that M = J is an ideal of i? or M = R/P^ for 
some maximal ideal P oi R and z^l. IfM = J^0 and / yf 0, then = R/I for all 

77 ^ 0. If M = R/P\ then I^M/T+^M = 0 for all n^i. □ 


Theorem 4.4. Let R be a Dedekind domain and I ^ 0 be an ideal of R. Then there exists 
F G such that the sets Assp F{R/I^) do not stabilize. In fact, we may construct F such that 
AsspF(i?//") is given by any sequence of subsets o/Assp(i?//) = V(I). 

Proof. First, let SI C mod(i?) be the subcategory of finitely generated torsion i?-modules. Then the 
torsion functor r: mod(i?) SI is i?-linear. Next, we recall from category theory that any category 
is naturally equivalent to any skeleton of itself. In particular, given a skeleton of SI, there is an 
i?-linear functor tt: SI SIq. Therefore it suffices to construct F: .5^ —)• as in our Theorem. 

We will define Sq as follows. Fix a linear ordering ^ of the nonzero prime ideals R, and let the 
objects of SLq be modules of the form R/Pf^ © • • • © R/P^S where Pi <■■■ F Pj and Ct S, Ci+i 
whenever Pi = Pi+i. For each maximal ideal P we choose a subset Sp of N>o. Then we define 
F{R/P^) = R/P ii e G Sp, and 0 otherwise. We let F{R/Pf^ ©• • -©P/Pj^) = ®^^iR/P, where k is 
the number of F{R/Pf') that are nonzero. Next we define P(/) for f:M^N, where M,N G SIq. 
It suffices to consider the case where M, N are both P-torsion for some maximal ideal P of R. 
Fix an element p G P \ P^. Then Homp(P/P"L = P" 2 “"i/P "2 jg generated by p^^-ni 

772 77i ^ 1, and }iom.p{R/P^^, R/P^^) = R/P^^ if 77i ^ 772 ^ 1. So we can identify / with a 

square matrix with entries in R (more precisely, in R/P^' for suitable et) viewed as multiplication 
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maps, adding rows or columns of zeroes if necessary. If M, N are both direct sums of copies of 
R/P ^^,..., with d < ■ ■ ■ < Cj, then we define 


F{f) = F 






0 \ 

A2 

p* 



A2 

0 

V 

^3/ 


1 

A/ 


where the entries in the lower diagonal of the matrix on the left are multiples of p, and Ai, A 2 ,...Aj 
are the square blocks that correspond to R/P ^^,..., R/P^^ respectively. Since F{R/P^) = either 
R/P or 0, the definition of F{f) does not depend on the choice of coset representatives in the entries 
of /. It is then immediate that F preserves identity maps and is i?-linear. Finally, A f: M N 
and g: N ^ L where M, TV, L are P-torsion, then 


F{gof) 


/ 

/Pi 

* ^ 


Ml 

* 


B2 



A2 






p* 


V 


Bj) 

V 

M/y 

(BiAi +p* 



\ 



B2A2 + p* 


V 

^SiAi + p* 




B 2 A 2 -\-p^ 


V 


0 


BjAj+p*/ 

0 \ 


BjAj +p*J 


fBiAi 

B 2 A 2 

0 

V 


= Fig)F{f) 


Fj^jJ 


Therefore P respects composition. 


□ 


Corollary 4.5. The functors constructed in Theorem \4-.4\ not finitely generated. 

Question 4.6. Is there a finitely generated non-coherent functor P such that the sets Assr F{R/I'^) 
do not stabilize? 


5. Functors arising from middle finite complexes 

In this section, we will study a class of P-linear covariant functors P which arise naturally and are 
non-finitely generated in general. An example of such kind of functor is the zeroth local cohomology 
functor. We will obtain results that are related to all the previous sections. Our main result is that 
over a one-dimensional Noetherian domain R, the sets Assr F{M/I'^M) stabilize. 

Definition 5.1. Let P be a ring and : A ^ B ^ C he a complex of P-modules. 

(1) We say that an P-linear functor P: Mod(P) —>■ Mod(P) arises from y if P(—) = (g) —). 

(2) We say that is middle finite if P e mod(P). 

Example 5.2. Let P be a ring and I = (a;i,... ,Xn) be an ideal of P. Then the functor F/ arises 
from the middle finite complex 

0 ^ P —>■ Rxi © • • • © Rxn 

Remark 5.3. Let P be a Noetherian ring. By Corollary 13.31 a functor that arises from a middle 
finite complex of P-modules is not finitely generated in general. 
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Lemma 5.4. Let R he a Noetherian ring. Let F be a functor that arises from the middle finite 
complex A B C. Then F is coherent iff it is finitely generated. 


Proof. Suppose that F is finitely generated and is given by the surjection Lm —>■ F. Let K, L denote 
the functors given by K{—) = ker(9B 0—) and /(—) = im(9^ 0—). Let N G mod(i?) and n £ K{N) 
be such that n + I{N) G F{N). By Lemma f3.ll there is / G Homij(M,7V) such that n + I{N) G 
imF(/). That is, there are m G K{M) and x & A®N such that n = (ids ®f)(m) + (9a ®idAr)(a;). 
Now C ® M = lm^p(L* ® M), where D ranges over all finitely generated submodules of C. Since 
B 0 M G mod(i?), there is a finitely generated submodule Cq of C that contains imSs such that 
ker(i? ^ M ^ C <S> M) = ker(i3 <S> M ^ Cq M). From the commutative diagram 


A®M- 


A®N 


C?A®idM 


■B®M- 




idA <8/ 

ids 8/ 

' 

^A^idiV „ ^ 



■ B®N 


Co®M 
idco ®/ 
Co®N 


we see that in fact n G ker(i3 ® N —?■ Cq (S> N). Finally, let Aq be a finitely generated submodule 
of A such that 9a(^ o) = 9a(^). Then F arises from the complex Aq ^ B ^ Cq. Therefore F is 
coherent by Lemma [2T3l □ 


Lemma 5.5. Let R be a Noetherian ring, L,J be ideals of R, M G mod(i?), M' be a submodule 
of M and F be a functor that arises from the middle finite complex A ^ B ^ C. Then the sets 
Assr F{L'^M/L^M') and the values depthj stablize. 


Proof. The module ^^^qB(^{I^M/I^M') is finitely generated and graded over S 
the maps in the induced complex 


0^® 

n^O 


/"M' 


n^O 


I^M 

L^M' 


n^O 


I^M 

I^M' 


© 


n^O 


/'*, and 


are homogenous of degree 0. The result then follows from Corollaries 12. Ill and 12. 121 


□ 


Theorem 5.6. Let R be a one-dimensional Noetherian domain, L be an ideal of R, M G mod(i?) 


and F be a functor that arises from the middle finite complex ■. A —> B —^C. 
Assr F{M/L^M) stabilize. 


Then the sets 


Proof. First, since I'^M) = {S^®M)^{R/1'^), it suffices to show that the sets Assr F{R/L^ 

stabilize. We have .5^ (g) (i?//”): A/I^A B/L^B C/I^C, so 


F{R/I^) = 


kerpn-i P-HI^C) 


ima„_i a{A) + L^B 


= F'{R/L^), 


where F' arises from the complex 0 —>• B/a{A) —>• C. So we may assume that A = 0. Furthermore, 
since localization is flat, we may assume that R is local of dimension one. So it remains to show 
that F{R/I'^) is either always 0 or always nonzero for all large n. 


Now let S = © /" and j: be the map induced by /3 

with graded components 7 „. By Corollary 12.Ill there is N so large such that the sets Ass/i(ker 7 „) 
are equal for all n > N. Again we have /3„: B/L'^^^B —^ so that F{R/I^) = ker/3„_i. 

Suppose that there ism > N such that ker f3m-i = 0 but ker /3m 0. Then L"^^^B C C 

I3~^{L^C) = I'^B, so that 0 ^ ker/dm C ker 7 m, and hence ker 7 „ ^ 0 for all n > N. But 
ker Pn P ker 7 „ always holds. Therefore we have ker /3„ 7 ^ 0 for all n > A^. □ 
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